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1 Relative generic vanishing 

LetZ be a complex abelian variety. Our aim is to show that an irreducible perverse 
sheaf on X with Euler characteristic zero is translation invariant with respect to 
some abelian subvariety of X of dimension > 0. 



(N 
> 

^ ! Notation. hetE{X) denote the perverse sheaves whose irreducible constituents 

^ I K satisfy x{K) = 0. Let N{X) denote negligible perverse sheaves, i.e. those for 

^ ' which all irreducible constituents are translation invariant for certain abelian sub- 

^ ■ varieties of X of dimension > 0. Typical examples for translation invariant irre- 

^ . ducible perverse sheaves are 5/ = L|^[dim(X)], where is the local system on 

X defined by a character i// : 7ri(X,0) — > C* of the fundamental group of X. Then 
T*{d^) ^ 5/ holds for all x e X and eN{X). Let f (X) denote the set of ir- 
^ ' reducible perverse sheaves in E{X)\N{X) up to isomorphism. For an arbitrary 

perverse sheaf K onX also its character twist K^, = K (g)c^ is a perverse sheaf, 
and N{X) and E{X) are stable under twisting with in this sense. Depending on 
the situation we sometimes write instead of K^, for convenience, e.g. in the 
cases 5/ = Let M{X) denote perverse sheaves whose irreducible compo- 

nents M have Euler characteristic %{M) ^ 0. 

For isogenics f -.X the functors and /* preserve F{X), E{X) and the 
categories of perverse sheaves; an easy consequence of the properties of the class 
NEuier (defined in [KrW]) and the adjunction formula. A complex K is called 
negligible, if its perverse cohomology is in N{X). 



An irreducible perverse sheaf on Z is maximal, if for any quotient homo- 
morphism / : X — > B to a simple abelian quotient B and generic character twists K^^ 
of K the direct image Rf^{Kj^) does not vanish. Let F,„ax{^) denote the maximal 
perverse sheaves in F{X). By corollary [T] below (and the remark thereafter) for 
K £ FmaxiX) one easily shows Rf^{K^^) ^ for any character Xq. 

Our main result stated in theorem |4]is the assertion = respectively the 
equivalent 

Theorem 1. For an irreducible perverse sheaf K on a complex abelian variety 
X with vanishing Euler characteristic x{K) = l)'dim(//'(X,A')) there exists a 
nontrivial abelian subvariety A C X such that T*{K) = K holds for all x e A. 

For simple complex abelian varieties this is shown in [KrW]. The main result 
of this paper is the reduction of the theorem to the case of simple abelian varieties. 
We remark that, if we assume the corresponding result for simple abelian varieties 
over the algebraic closure ^ of a finite field k, our proof of theorem [Hcarries over 
to abelian varieties over k. In fact one step of our argument (in section 8) even uses 
methods of characteristic p referring to [W3, appendix]. In contrast, the proof for 
the case of simple complex abelian varieties used in [KrW] is of analytic nature, 
hence unfortunately can not be applied for fields of positive characteristic. 

Reformulations of theoremUl Simple perverse sheaves K onX are of the form 
K = i^{i\^Eu) for some local system Eu on an open dense subvariety j -.U of 
the support Z = supp{K). The support is an irreducible closed subvariety i:Z^X 
of X. If the irreducible perverse sheaf K is translation invariant with respect to an 
abelian subvariety A in X, its support Z satisfies Z+A = Z. By the Riemann-Hilbert 
correspondence there exists a regular singular holonomic D-module M onX, at- 
tached to K. The local system Eu defines an irreducible finite dimensional com- 
plex representation ^ of the fundamental group %\{U) of U. By the A-invariance 
of the singular support of K there exists an A invariant closed subset Z' of Z, which 
contains the ramification locus of the perverse sheaf K. In other words, the re- 
striction of the perverse K to U = Z\Z' is smooth in the sense that K\u = E[d] 
holds for a smooth etale sheaf E associated to a representation of the topological 
fundamental group Ki{U) of U where U can be chosen such that U +A = U holds. 

Let U and Z denote the images of U and Z under the projection q:X~>X=X/A. 
Since q : X ^ X = X/Ais smooth, by base change the induced morphism q:Z ^Z 
is smooth. The smooth morphism q:Z^Z defines a Serre fibration q : U ^ U. 
Since A is connected, we obtain from the long exact homotopy sequence 

MU) MA) Ki{U) 7ri(f7) -0 . 
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The first map 5 in this sequence is zero, because ni{A) injects into ni{U). Indeed, 
consider the natural group homomorphism p : Ki{U) ^ 7i],{X) induced from the 
inclusion U ^ X. Obviously the composition p o a is the first map of the exact 
homology sequence 

^ Ki{A) ^ TliiX) ^ Ki{X) ^0 . 

hence p o a, and therefore a, is injective. To summarize: 7ri(A) is a normal sub- 
group of TTi (?7) . We claim that tti (A) is in the center of 7ii{U). Indeed, for a e tti (A) 
and 7G Ki{U), there exists an a' G ni{A) such that yay^^ = a'. If we apply the ho- 
momorphism p, this gives p(7)p(a)p(7)"^ = p(a'). Hence p(a) = p(a'), since 
Ki{X) =Hi{X) is abelian. Therefore a = a', because pocj is injective. Because 
ni (A) is a central subgroup of tti {U), for any irreducible representation ^ of tti [U) 
there exists a character % of n\ (A) such that (^{ay) = x{ot)^{Y) holds for a^n\ (A) 
and Ki{U). Since n\{X) is a free Z-module, any character % of K\{A) can be 
extended to a character xx of tti (X). Thus ' (g) ^ is an irreducible representation, 
which is trivial on n\_{U) \ in other words it is an irreducible representation of t) . 

The last arguments imply that there exists a perverse sheaf ^ on f7 such that 
L{%x)^^ = ^*(^)[dim(A)] holds on U. Then K necessarily is an irreducible 
perverse sheaf. Let K also denote the intermediate extension of K to Z, which 
is an irreducible perverse sheaf on Z. Since ^ : Z — > Z is a smooth morphism 
with connected fibers, the puUback q*[dim{A)] is a fully faithful functor from the 
category of perverse sheaves on Z to the category of perverse sheaves on Z. Also 
L = q*{K) [dim(A)] as perverse sheaf on Z is still irreducible on Z. Now K and L are 
both irreducible perverse sheaves on Z, whose restrictions on U coincide. Thus 
K = L. Choose a finite etale covering such that X splits. Then this implies (b) =^ 
(c) in the next theorem. The implications (b) =^ (c) =^ (a) are elementary, hence 
in view of theorem [T] we get 

Theorem 2. For an irreducible perverse sheaf K on a complex abelian variety X 
the following properties are equivalent 

a) The Euler characteristic x{K) vanishes. 

b ) There exists a positive dimensional abelian subvariety A ofX, a translation 
invariant smooth sheaf L{xx) of rank one on X and and a perverse sheaf K 
onX =X/A such that K = L{xx) <8'^*(^)[dim(A)] holds for the quotient map 
q:X-^X. 
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c) There exists a finite etale covering of X splitting into a product of two 
abelian varieties A and X, where dim(A) > 0, such that the pullback of K 
is isomorphic to the external tensor product of a translation invariant per- 
verse sheaf on A and a perverse sheaf on X. 

Outline of the proof of theoremU} Any perverse sheaf K in F{X) has an associ- 
ated D-module whose characteristic variety as a subvariety of the cotangent bundle 
is a union of Lagrangians A = Az for irreducible sub varieties Z CX. The assump- 
tion x{K) = implies that all Z are degenerate. For this see [W] and [KrW]. For 
simple X therefore Z = X. By the Lagrangian property then A is the zero-section 
of the cotangent bundle T*{X). Hence by a well known theorem on D-modules 
K is attached to a local system defined and smooth on X, and then ^ is a transla- 
tion invariant perverse sheaf on X. This proves the statement for simple abelian 
varieties and this essentially is the proof of [KrW]. The author's attempt to give a 
simple proof along these lines for general abelian varieties was not successful so 
far, and I would like to thank Christian Schnell for pointing out a gap. 

For X isogenous to a product Ai xAj of two simple abelian varieties we use 
methods from characteristic p in the proof. We deal with this case in section [8] 
after some preparations in section |6] and |7] building on arguments that involve the 
tensor categories introduced in [KrW]. 

Finally when X has three or more simple factors, we simply use induction on 
dim{X). The main step, obtained in section |5l requires an analysis of the stalks of 
prime perverse sheaves in the sense of [W2]. These arguments are sheaf theoretic 
and use spectral sequences that naturally arise, if one restricts perverse sheaves on 
X to abelian subvarieties (e.g. fibers of homomorphisms used for the induction). 
This is described in section|2]and then is applied in section |4] and [51 A crucial step 
in section mis the reduction to the case of perverse sheaves in Fmax{X). 

An important tool for the study of homomorphisms / : X — ^ B in the induction 
process will be the next lemma. This lemma can be easily derived from the special 
case of the statement F{A) =0 where A is a simple abelian variety, whose proof 
was sketched above. The statement F(A) = can be converted into a relative 
generic vanishing theorem for morphisms with simple kernel A in the sense of 
[KrW] . Factoring an arbitrary homomorphism / : Z -> B into homomorphisms 
whose kernels are simple abelian varieties, an iterative application of the assertion 
F{A) =0 for each of the simple abelian varieties A defining the sucessive kernels, 
then easily gives the next 
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Lemma 1. Let A be an abelian subvariety ofX with quotient map 

f:X^B = X/A 

and let K G Perv{X,C) be a perverse sheaf on X. Then for a generic character x 
the direct image Rf^{Kj^) is a perverse sheaf on B. 

Corollary 1. H*{X,F^) = holds for F G E{X) and generic X- 

Remark. For finitely many perverse sheaves and a homomorphism f -.X ^B, 
by lemma [T] one always finds characters x such that r^(A') = PH'^{Rf^{K^)) is an 
exact functor on the tensor subcategory £^ of D^(X,C) generated under the con- 
volution product (see [KrW]) by these objects, in the sense that maps distin- 
guished triangles to short exact sequences. We use this to analyse stalks: Suppose 
the stalk Rf^{K^)h vanishes for generic X- Let Fb = f^\b) be the fiber F = Fh. 
Then M = {K^)\fi, is in pd["'^™(^''°1(F) and for generic x perverse sheaves 
M' = PH^'{M) are acyclic, i.e. H*{F,M') = 0. Although M and also the perverse 
sheaves M' are not necessarily semisimple, this follows from the exactness of the 
functors F^; here as a consequence of 

H\F,M) = H^\F,M') = H*{F,M') 

for generic x identifying Fh with A. The same statement carries over to the irre- 
ducible perverse Jordan-Holder constituents P of the perverse sheaves M\ 

Direct images. For the definition of M we fix a suitable generic character 
X chosen as above. Then M^^ = K^^^^ \fi, for arbitrary Xo gives the 'cohomology' 
spectral sequence 

H-i{F{b),{M\:)^R-'f,{K^^:)b . 

j+i=k 

The cohomology sheaves ^'+^(M') = 0,- ^(M'[/]) are related to the cohomology 
sheaves M'^{M), or equivalently the stalk cohomology sheaves of the complex Kj(^ 
at points x^Fh via the 'stalk' spectral sequence with f"!'^ = J^p{M^'') 

-p-q=-k 

on Fb with differentials di : jr'+*^-'(M'-i) ^ J^'+^+\M'). 
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jf-rf(A)(Mi) .... ^-<i-\M^) J^-^^iM^ 

j^-d{A)(^j^d{B)^ ... jr-''-i(M''W) ^-^(M'^W) 

Here <i(A) and are the dimensions of A resp. B. There are edge morphisms 

Jif°{M') J^-'{M) and J^-'{M) J^-'{M^). 

Lemma 2. For simple A and f :X ^X/Awe have Rf^. {K) = =^ K ^ ^(X). 

Proof. Rf^{K) = implies Rf^{K^) = for generic So all M' are acyclic 
on A and hence ^"^(M') = for j ^ d(A). Thus by the stalk spectral sequence, 
j^-i-d[A) {K^)\j,f^^^ ^ ^-'^('*) (M') is a translation invariant sheaf on A and therefore 
is never a skyscraper sheaf. We apply this for the prime component of 
According to [W2, lemma 2.1] Rf^{K^) = for generic % implies Rf^{^Kx) = 
for generic x and K £F{X) implies S F(Z). Finally for ,0^k S F(Z) the stalk 
J^^'{^k) is a skyscraper sheaf at least for one / = Vj^ by [W2, lemma 1, part 7]. 
A contradiction. □ 



. jf-i(MO) — Jf'O(MO) ... 

Jf-i(Mi) JfO(Mi) ... 

... 

... 

... 

Jif-^M"^) Jif^{M'') ... 

... 

... 

j^-i(M^(B)) jr"(M''W) ... 



2 Restriction in steps 

Consider exact sequences of abelian varieties 







^B 



B2 







Si 







and a diagram of quotient homomorphisms where A = g ^(Si) and p = g\A, where 
C is the kernel of the projection g:X ^B 



X 




B2=X/A 



B=X/C 
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Assumption. For perverse K and given quotient morphism f -.X ^ B2=X/A 
suppose for generic x 



R^'MKx) =0 , V/< J . 

These vanishing conditions imply acyclicity for the constituents P of the perverse 
sheaves M^,M^,...,M''~^. 

For b2 e B2 and bi g Bi the fibers C ^ F^i,^^^,) = ihM) ^ /"^ (^2) = ^ A, 
can be identified with A respectively with C up to a translation. This being said, 
we restrict a generic twist of K (for some generic character x '• ^i{X,0) C*) 
to the fiber Fb^ 

M = M{b2) = {K^)\p,^ G ,£,[-dim(B.),0](^^j. 

then we further restrict M to F(^bub2) ^ obtain 

N = N{b,M) :=m(z,2)|f,,., =^:;,|f,,., • 

For AT* = N''{biM) = ^H-'^iN) in Perv(F(^^^;,^),C) and M' = M\b2) = ph-\M) in 
Perv(Ff,2,C) for j = 0, ..,dim(Bi) and i = 0, ..,dim(S2) there is a 'double restriction' 
spectral sequence 

^PH-^{M\b2)\F,^J^N'{bub2) 
i+j=k 

Picture. The front rectangle visualizes the fiber F^^, which is isomorphic to A = 
Kern{f), and the fiber F(b^^b2) ^ isomorphic to the abelian variety C = Kern{g). 




c 

Now fix b2&B2. Then for almost all closed points fei G Bi the perverse sheaf 

PH\M'{b2)\F,^J 
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is zero, since it defines a perverse quotient sheaf of M^{b2) on Ft, with support in 
^{bi,b.)- Indeed these supports are disjoint and there are only finitely many con- 
stituents. Furthermore the perverse constituents of the sheaves M°(Z?2), ..,M''"' (Z?2) 
on Fb^ = A are in E{Ft,,), by the vanishing assumption on the direct images: 
Rf-'{Kx) =0 for i<d. 

For generic x we have the 'relative cohomologicaV spectral sequence 



//°(f(,„,,),'^//-^(M'V„.,)) ^^-^g*(i^z)0 



j+i=k 



Notice / = 0, 1, ...,dim(B2) and j = 0, ...,dim(Bi), where the case 7 = plays a spe- 
cial role as explained above. The spectral sequence is obtained from the double 
restriction spectral sequence combined with the degenerate cohomology spectral 
sequence for g using //°(F(^_^^),A/^*') =R^'^g^{K^)(i,^ i,^^ for generic X- Now assume 



d = d.im{Bi) = }x{A) = }x{X) 



Proposition 1. For d = ix{A) = dim(Bi) = }Jl{X) suppose given an irreducible per- 
verse sheaf K with the vanishing condition R^'f^{K^)h^ = for i < d and generic 
X- Then for fixed € B2 and generic ;t; : tti (X, 0) ^ C* we have an exact sequence 



H^(F 



(buhl) 



X)(bubi) 



In particular R g*{K^)(bt,b.) = holds for almost all bi G B\ (for fixed b2 € B2), if 
vanishes. Notice M° = iffK does not have support in the fiber Fb,. 

Proof ej^i^,H'{F^bubi)/H-J{M%,,^J)^R-'^g,{K^)^b,M) for generic x and 
k = d degenerates by Lemma |3] which shows that for < / < J we can ignore all 
terms j = l,...,d — 1 = dim(Bi) — 1 in this spectral sequence. Since j + i = k, for 
k = d only the terms = {0,d) and the term = {d,0) remain. This proves 
our assertion. □ 

Before we give the proof of the lemma, recall that the abelian variety A can 
be identified with the 'front rectangle' Fh^, the fiber of b2 for fixed b2 € B2, which 



contains F, 



{bubi 
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The irreducible constituents P of the perverse sheaves M',i <d are acyclic perverse 
sheaves living on the 'front rectangle' A and their irreducible perverse constituents 
P are acyclic. 

Lemma 3. Suppose /x(A) = dim(Bi) = iJ.{X) = d. Then Bi is simple and for i = 
0,\,..,d — I and the constituents P of M' for generic x we have 

h'{f^,^^,^^,ph-J{p\f,^j^)=o , yj = o,i,..,d-i. 

Proof. The irreducible constituents P = Px (for K\fi^^ ) of the M' for / = 0, 1 , . . , <i - 
1 are acyclic on A and for p : A ^ Bi the direct image Rp^{P) is perverse {% be- 
ing generic) so that therefore x{Rp*{P)) = x{P) = holds. Since Bi is simple of 
dimension dim(Bi) = d, the semisimple perverse sheaf Rp^,{P) in E{B) is of the 
form 

Rp*{P)= m^-5l. 

Then R^'p^,{P)b, = for i ^ d = dim(Si) and all bi e Si, so that for generic x 
the perverse sheaves ''H^^{P\F(b,.b.)) are acyclic for j = 0,...,-d + 1 by the remark 
on page [5] applied for iP,p) instead of (KJ). Thus 

vanishes for J = 0, .., J - 1. □ 



3 Stalk vanishing conditions 

Let jj. {X) be the minimum of the dimensions of the simple abelian variety quotients 
B of X. We say an abelian quotient variety B of X is minimal, if dim(5) = IJ.{X). 
For a sheaf complex P on X define 

H{P) = max{v I J^-'{P) = for all / < v} . 

Lemma 4. n{K) > n{X) holds for Ke E{X). 

Proof by induction on dim{X). Choose f : X ^ B with simple minimal B. 
Then Rf^{Kj^) is perverse for generic % and hence Rf^:{K),) £ E{B) is of the form 
0^my/ • 5^. By the induction hypothesis we can assume M° = 0, since otherwise 
the support of K is contained in a proper abelian subvariety of X. M = K^lf-if^h) 
has acyclic perverse cohomology sheaves M' e E{Kern{f)) for / = 1,..., J — 1 and 
d = ix{X). Then by induction jU (M') > fx {Kern{f) )>ix{X) = d implies (M') = 
for all / = 0, ...,dim(B) -\=d- \ and all v < <i = pL{X). Hence pL{K)>d by the 
stalk spectral sequence discussed in section [Tl □ 



9 



In the next lemma we give some information about prime components of 
perverse sheaves K £ F{X). For details on prime components we refer to [W2]. 

Lemma 5. For K £ F{X) the following holds 

1. The prime component 3^{K) is in F{X) with Vk '■= l~i{^K) > /^(^)- 

2. K e Fmax implies S^k G F^ax and Vk = IJ.{^k) = IJ-{X). 

3. For K G Fmax{X) and any minimal quotient B = X/A of X the restriction 
M = ^^k\f of S^K to any fiber F = f^\b) is a complex with Euler perverse 
cohomology M' for i = 0, — 1. For the fiber over the point b = Q fur- 
thermore Mf^^^^ has a nontrivial perverse skyscraper quotient concentrated 
at the point zero. 

Proof For the first assertion g^{K) e F{X) see [W2, lemma 2.5]. h{^k) > 
holds by lemma |4] and Vk ■= j^iS^K) and [W2, lemma 1, part 7]. Hence 
Vk > By [W2, lemma 4] on the other hand Vk < for K G F,naxiX). 

Hence Vk = ^i{^k) = M(^) holds for K G Fmax{X)- The assertion on the skyscraper 
subsheaf comes from the edge term of the above spectral sequence, since for ^ 
F{X) the cohomology J^^^^'^\^k) is a skyscraper sheaf. K G Fmaxi^) implies 
£ FmaxiX), since Rf^{K^) is perverse for generic and hence Rf^{Kj^) = iff 
^/*(=^^;t)=0by[W2, lemma 2.1]. □ 

Lemma 6. For K g F,„ax{X) the support of K is not contained in a translate of a 
proper abelian subvariety A ofX. 

Proof. For the projection f : X ^ X/A the support Z of Rft:{^K) becomes 
zero: /(Z) = {0}. This also holds for generic twists of K, so we could assume that 
Rf*{^K) is perverse. Therefore Rf*{^K) = 0, since otherwise for a skyscraper 
sheaf x{Rft.^K) > would hold, a contradiction. This implies Rf^,{K^) = for 
generic x contradicting the maximality of K. □ 



4 Supports 

Let A be an abelian subvariety of X and K be an irreducible perverse sheaf on X. 
For quotient homomorphisms f -.X ^ B = X/A consider the assertions 

1 . is C-invariant for some nontrivial abelian subvariety C of A. 
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2. Rf^{K^) = for generic X- 



3. Rf^{Kjf) = on a fixed dense open subset W of /(Z) for generic %. 

Obviously 1. =^ 2. =^ 3. We remark that Rf^,{K^J = for a single Xo implies 2. 
using corollary [1] Indeed the fibers M are acyclic and remain acyclic for generic 
twist. 

Proposition 2. Suppose F(A) = and suppose A + Z = Z for the support Z of K. 
Then all three properties 1,2 and 3 from above are equivalent. For K G F{X) then 
furthermore supp{Rf^,{K^)) = f{supp{K)) holds for generic X- 

Step 1) Fix a smooth dense open subset W c /(Z) = Z/A of dimension d so that 
K\u = £'[dim(?7)] for a local system £ on a dense Zariski open subset U of iW), 
and so that U nf^\b) is dense in every fiber for b eW; fix a closed point b in 
W. Then F = f^\b) can be identified with A. For M = {Kj^)\f G PD[-^'°l(f ) and 
M' = PH^'{M) for / = 0, notice ^ 0, since ph^''{M) contains the intermediate 
extension of EFr\u[g\ as constituent. 

Step 2) Let C be a nontrivial abelian subvariety of A and g -.X -^X/C the 
projection. By assumption K is simple and g is smooth with connected fibers of 
dimension dim(C), so by [BBD, p.lOSff] K or equivalently Kj^ is C-invariant for 
some nontrivial abelian subvariety C of A and some character % iff 

PH-^^'^c){Rg,{K^))^0 . 



Step 3) For fiber inclusions i:F^Z and ic : F /C ^ Z/C 




proper base change gives i}.Rg^{Kj^) = Rg.^:{i*{Kj^)) = Rg^{M). In order to compute 
PH^^™'-'^^^'' {RgJ* {-)) use that under the functor Rg^ perversity drops at most by 
-dim(C) (see [BBD, 4.2.4]) 

Rg, : PD^"{-) PD^"-''™(^)(-) 
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and that therefore PR-^^^^Rg^ : Perv{-,C) Perv{-,C) is left exact. Also i* and 
/J drop perversity at most by -d. By proper base change o^g* = Rg* o i* ■ For per- 
verse K the distinguished truncation triangle (py/- dim(c) ^-y^^^ ^-^^ ^ [dim(C)] , i?g* (K) , K') 
gives € PD>-^^^^\Z/C,C) and /* (^') G pd>-^''^^^^''^{Z/C,C). Therefore 

PH-\fc{m-^^^\Rg^{K))) ^ PH-'^^^^-^{i*cRg4K)) 

This gives the upper (and similarly the lower) part of the next commutative dia- 
gram 



Perv{Z,C) 2: Perv{Z/C,C) 




Perv{F,C) 5t Perv{F/C,C) 



so that 

PH-'^(^\Rg^{PH-'^i*{K^))) = PH-'^'^(^\Rg,{M'')) ^ 
impUes PH-^{i*c{PH-^^^^Rg^{Kx))) ^ 0, and hence as required for step 2) 

PH-'^(^\Rg,{K^))^0 . 

Step 4) For the proof of the proposition for generic characters x now suppose 

RMKx)b = , at be Z/ A. 

From step 3 in the case C =A therefore M is acyclic on F but not zero, using 
M'^ ^ 0. For a suitable x all perverse cohomology sheaves M' = pH'{M) are acyclic 
on F and their perverse Jordan-Holder constituents as well. Fix one such x and 
notice ph^'{M^J = ph^^M)^^ = M'^^ for any character Xo- 

Step 5) Since F{A) = holds by assumption, all the acyclic perverse Jordan- 
Holder constituents of the perverse sheaves M' are negligible perverse sheaves on 
F =A. Let S ^ M'' 7^ be a simple perverse subobject. Then 5 = {8c) ^-^ *L for 
some LeM{A) and some nontrivial abelian sub variety C of A and some character 
Xo- For the corresponding projection g:X ^X/C 

PH-''^(^\Rg,{S^J) ^ PH-'^(^\Rg,{Ml)) 
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by the left exactness of p//-dim(c) Furthermore PH-'^^'^^^Rg^iS^J) ^ 0. For the 
last assertion notice Rg^{S),J = H*{C) (^cRg*{L) and hence 

Indeed L has nonvanishing Euler characteristic and therefore Rg*{L) ^ 0. Then 
PH'{Rg^{L)) = holds for all / ^ 0, since PH'{Rg^{S^J) = for / < -dim(C). This 
being said, we obtain 

PH-^^^^\Rg,{Ml))^0 . 

Hence our assertion follows from step l)-3) applied for xXo instead of □ 

Remark. For an abelian variety X let A be the connected stabilizer of an 
irreducible subvariety Z of X, and let Z be the image of Z in X =X/A. Then the 
connected stabilizer of Z in X is trivial. 

Proposition 3. Assume F{B) = (dfor all quotients B ofX of dimension < dim{X). 
Then any K €F{X) is in Fmax{X). 

Proof. Suppose K e F{X) but K ^ FmaxiX). Then there exists a minimal 
quotient p : X B such that Rp^{K^) = holds {% generic). The fiber per- 
verse sheaves M'{b),b G B and their Jordan-Holder constituents P then are all 
acyclic perverse sheaves on the abelian variety Kern{p). Hence by the induc- 
tion assumption these P are in N{Kern{p)), hence have degenerate support. Since 
Z = supp{K) = \Ji,^g jSupp{M'{b)), by [A] therefore Z is degenerate, i.e. there exists 
an abelian subvariety A of X of dimension > such that Z + A = Z. Suppose A^X. 
For the quotient morphism f -.X ^X/A and by the induction assumption F{A) = 
then Rft{K^) ^ holds for generic since otherwise K ^ F{X) by proposition 
[2l Since Rf^{K^) is perverse for generic therefore L = Rf^{Kj^) G E{X/A). By 
proposition|2]furthermore supp{L) = Z for Z = /(Z); in particular Z is irreducible. 
Since L G E{X/A) and since F{X/A) = holds by the induction assumption, the 
support Z of L is a finite union of degenerate subvarieties. Since Z is irreducible, 
therefore Z is degenerate. This is a contradiction, since by the remark above for 
the quotient f : X ^ B = X/Ahy the connected stabilizer A the irreducible variety 
Z = /(Z) has trivial connected stabilizer. This shows Z = X. But then Z is invariant 
under Kern{p), and the vanishing Rp^{K^) = for generic x implies K ^ F{X) by 
proposition |2] applied for the morphism p:X ^B. □ 

Corollary 2. F{X)= F,„ax{X)for X isogenous to A\ x A2 with simple factors A\,Ai 
of dimension dim(Ai) = dim(A2) = d. 
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Remark. In the situation of the last corollary for irreducible K e E{X) either 
Vk = d or K = . Indeed K G F,nax- So Vk = d by lemma [51 For KeN{X)we know 
Vk = d or 2d. 

Although we do not need this for the proof, in the remaining part of this section 
we show that under similar conditions for K e F{X) the support of K is X. For this 
we first state a result of [W]. 

Theorem 3. For complex abelian varieties the support Z of an irreducible per- 
verse sheaves K e E{X) always is a degenerate irreducible subvariety of X, i.e. 
A + Z = Z holds for some abelian subvariety A ofX of dimension > 0. 

Corollary 3. g E{X) =^ K g N{X) for irreducible K G Perv{X,C), provided 
F{A) =^ holds where A is the connected stabilizer of the support Z ofK. 

Proof. By theorem|3]the support Z of is an irreducible degenerate subvariety 
of X. For the quotient f -.X = X /Ahy the connected stabilizer A the irreducible 
variety Z = /(Z) by construction has trivial connected stabilizer. If for generic x 
the perverse sheaf Rf^{K^) vanishes, for K G F{X) and f (A) = our assertion fol- 
lows from proposition |2l So it suffices to show Rf^{K^) = 0. Suppose Rf^{Ky,) ^ 0. 
Then Z = supp{Rf^{Ky,)) by proposition |2l Since x{Rf*{Kx)) = x{K) = 0, any irre- 
ducible constituent P of Rf^:{Kj^) is 'mE{X/A) and therefore supp{P) is degenerate 
by theorem|3] Since Z = supp{Rf^{Ky,)) = \Jsupp{P) and Z is irreducible, we obtain 
Z = supp{P) for some P. Hence Z is degenerate. A contradiction. □ 

An immediate consequence of these arguments is 

Proposition 4. Assume F{B) = (dfor all quotients B ofX of dimension < dim(X). 
Then any K G F{X) has support X. 

Proof. The assertion supp{K) = X follows from corollary |3] To show K G 
Fmaxi'^) consider / : X — > B for minimal B. Suppose Rf^,{K^) = holds for generic 
X. Then proposition |2] can be applied for K and A = Kern{f), since F{A) = and 
supp{K) = Z is invariant under A. This proves K G N{X). A contradiction. □ 



5 Main Theorem 

Lemma 7. FmaxiX) = 0, ifX has a simple quotient B with dim(B) > 
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Proof. Suppose K e F,„ax{X). For / : X ~> B then n{M') > ix{X) for / = 
0, ..,dim(B) — 1 by lemmalU since these M' are acyclic. Therefore J^~^^-^^K),\f-i(^Q-j = 
^-t^mi^M) ^ ^-^(^)(M°) = 0. Indeed, for K e F,„ax{X) the support is not con- 
tained in a translate of a proper abelian subvariety of X by lemma |6l so M" = 0. 
This shows 

Now also £ F,nax{X) by lemma lU The last inequality applied for instead 
of K leads to a contradiction. Indeed ij.{^k) = Vk = holds by the maximality 
of K using lemma[5l □ 

At least three simple constituents. Consider quotients g:X with nontrivial 
kernel C, where B has two simple factors B\ and Bi and 

By lemma |7] we may assume that all simple factors of X have the same dimension 
d = }x{X). Put A = g-\Bi). Consider K e F{X). Then for / : X ^X/A = B2 and 
generic x the perverse sheaf Rg^{K^) is in E{B) and hence of the form 

Rg,{K^) = ^ Ti*{5j^)*Mi e objects in e rest 

iel 

for finitely many simple abelian subvarieties A, of B = Bi x Bj of dimension 
dim(A,) = nix) = d. Here bj are certain points in B, Mj G M{B) where Yi certain 
characters and 5^ := CA[dim(A)]^. The term 'rest' denotes the B-invariant term. 

Claim. For K g F,„axiX) the index set I is empty. 

Proof. Assume / is not empty. For generic % the perverse sheaf Rg^{.^K,x) 
admits for each / e / a nontrivial morphism in the derived category ([W2, prop. 1 ] ) 

for each summand P, = Ty {5j') *Mj. Since Vk = l-iiX) = d (this holds for maxi- 
mal K by lemma [5]) and also Vp. = d for / G /, these morphisms define nontrivial 
morphisms of perverse sheaves 

Rg.i^Kx) ^p = 8J: , 
which then are epimorphisms. Therefore 

Rg*{^K,x) = e others . 
iel 
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Since P = ^k.x also satisfies vp = Vk = d and also is in F{X), we may replace K 
by Thus it suffices to show that no terms 5/' can appear in Rg^{K^) under our 
assumptions on K above. For this we use proposition [1] which implies 

for almost all b\ e B\ (for fixed ^2 ^ ^2)- Indeed we have to choose the map / used 
in this proposition [H so that Bi from that proposition is B\ = g"'(A,) for some 
fixed / (and not our fixed Bi). Then for b'2 = the fiber 

is not zero for almost all b[ G A, contradicting proposition [1] if / 7^ 0. This proves 
the claim. Indeed the support and vanishing assumptions from page|7]are satisfied 
for with d = IJ.{X). Recall that the support must not lie in a proper abelian 
subvariety for proposition [T] But K G Fmax{X) implies G F,„ax{X) by lemma[5l 
hence lemma [6] takes care of this. □ 

From the preceding dicussion we conclude 

Lemma 8. Suppose g : X X/A = B with B and A ^ as above. Then for K G 
FmaxiX) and generic % 

Rg^{K^) = objects in F{B) ®^,eH>(x) "^v'^J • 

Theorem 4. F{X) = (dfor complex abelian varieties X. 

Proof. We show F{X) = by induction on the number of simple factors (or 
the dimension) of X. For the simple case see [KrW]. The cases with two simple 
factors will be considered in proposition |6] So assume that X has at least three 
simple factors and that F{D) = already holds for all proper subvarieties or proper 
quotients D of X. Hence K G F^axiX) by proposition|3l Then by lemma|7]all simple 
factors have dimension jU(X) = d, so there exists a quotient g : X ^ B with kernel 

with simple factors Bi and B2 of dimension d = Now F{B) = holds by 

the induction assumption and K is maximal. Hence Rg^^K^,) = 0y,e>i-(;(;) m^, ■ 5^ is 
B-invariant by lemma [8] for generic x- But this contradicts the maximality of K, 
since then R /* {K^ ) = vanishes for generic x ■ D 
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6 Functoriality 



Lemma 9. For simple A = Kern {p:X^B) and K ^F{X) the perverse cohomology 
sheaves PH\Rp^{K)) are in E{B)for all i. 

Proof. Using isogenics one reduces this to the case X = AxB where p is the 
projection onto the second factor. Then either Rp^{K) = and there is nothing to 
prove, or for certain irreducible perverses sheaves P, and certain integers v, 

Rp*iK) = ^ Pi[Vi] , |v,| <dim(A) . 

i 

Suppose for one of the irreducible summands P, ^ E{B). For the projection q onto 
the first factor A 

X=AxB ^ B 



Spec{C) 



by lemma [H there exists a (generic) character x of 7ii{X,0) so that both 1) Rq^{K^) 
is perverse and 2) H*{B, {Pi)x) = H'^iB, {Pi)x) holds for the finitely many Pi. Since 
K £F{X), the Euler characteristic of Rq^iK^,) vanishes. Since Rq^{Kjf) is perverse, 
therefore P^*(^r;(.) & E{A) is either zero or of the form Rq^{Kj^) =0^£xi- m^,-8j and 
H*{A,Rq^{K^)) = 0,- H'{B, (P,[v4). For P, ^ E{B) the cohomology of all twists 
{Pi)x does not vanish (since the Euler characteristic is constant > and indepen- 
dent of twists). So for generic x then H'{B,Pi[Vi]x) = H^ iB, (P,);^) ^ . Hence by 
comparison Rq^:{K^) can not vanish and therefore is a sum of 5j so that at least 
for one character y the cohomology H*{A,5^) does not vanish, i.e. y is trivial. 
This gives a contradiction, since then //*(A,5/) contains terms of degree dim(A). 
For all summands Pj, that are in E{B), the cohomology H*{B,Pj[Vj]),) vanishes for 
generic x by corollary [T] For the others the cohomology H^'{B, {Pi)x) 7^ does not 
contribute to degree dim(A), since these v,- satisfy |v,| < dim(A). □ 
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7 Convolution 



For simple abelian varieties Ai and A2 of dimension d and semisimple perverse 
sheaves K,L on the cartesian product X = Ai x A2 consider the diagram 



Ai X Ai -6 X xX ^A2 X A2 



P^ A a2 P'-^ A A 

Ai X A| ^ A2 X A2 



■Ai X A2 ■ 



■A2 



with the morphisms a{x,y) =x+y, b{xi,X2,XT,,X4) = {xi +X3,X2,X4) and c(ji, 3^2,^3) 
(yuyi+yi) and the projections P23(3'i,3'2,3'3) = (3^2, b) resp. (pi x pi){xi,x2,X3,x4) 
(xi,X3) and {p2 x p2){x[,x2,X3,X4) = (x2,X4) and 7 :=Ai x Aj. Then 



K®L:=Rb^{KML) , Rc^{K®L)=K*L 



By the decomposition theorem /TSL is a semisimple complex. By the relative 
Kiinneth formula R{pi x pi)^{K^L) = Rpi^K^Rpi^{L) and hence 

Rp23*{K®L) =Rp2*[K)mRp2^[L) . 



By twisting both perverse sheaves K,L with the same character % = iXi^Xi) 
of 7ri(X,0) = ;ri(Ai,0) X ;ri(A2,0) the direct images Rp2^{K) and Rp2^{L), and also 
Rp23*{''H'{K®L)) become perverse sheaves on for generic xi (lemma[T]). Now 
®i+j^,,PHj {Rp2i*i''H'{K ® L))) =ph\Rp2m{K®L)) by the decomposition theo- 
rem. The right side vanishes for 7^ 0, since Rp23*{K ® L) = Rp2*K M Rp2*{L) is 
perverse. So all terms for k ^0 on the left are zero, the terms j ^0 vanish for a 
suitable twist Xi- Hence Rp23,{PH^\K ®L))) = Rp23*{K ®L) = Rp2,{K) mRp2,{L) 
and Rp23^{PH'{K®L))) = for / 7^ and generic x\- Notation: KoL = ph''\K®L) 
and • L = 0,._^o pW {K®L). With the decomposition K®L = {KoL) ®{KmL) 
we obtain 

Rp23. {K®L)= Rp2, (K) M Rp2, (L) , Rp23* {K*L) = 0. 

Notice Rp23*{P) = for simple constituents P of the semisimple perverse sheaf 
K»L, hence P G E{Y). Since Kern{p23) = Ai is simple and Rp23*{P) = 0, lemma[2] 
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implies P € NiY). Then there exists an abelian subvariety B and a character and 
some M € M{Y) such that P = 8^*M holds, and Rp23*{P) =Rp23*{5^) *Rp23*{M) = 
implies Rp23*{5^) = so that B c Kern{p23). Hence up to a character twist 
P = [d] (2) for some Q G Perv(A2, C) . Indeed Stab{Py^ is an abelian subvariety of 
Y, and therefore Rp23*{Px) = for generic ;t; implies Kern{p23) Q Stab{Py\ Hence 

Lemma 10. Up to character twists the irreducible constituents of K»L are in 



Corollary 4. Up to character twists the irreducible constituents ofRc^{K»L) are 

in pl[d]{D'l.{A2X))- 

Corollary 5. For K,L G Perv{X,C) up to character twists the irreducible con- 
stituents ofPi:>^{K*L) are in p*[J](D^(A2,C)). 

Proof. For the proof we may twist both K and L by an arbitrary character 
X = iXi^Xi) of ^i{X,0), since convolution and therefore also b and c commute 
with character twists. Hence the claim follows from Rc^{KoL) c pd["'''''1 (X) and 
corollary |4] □ 

The role of the indices 1 and 2 of the decomposition Z = Ai x A2 is arbitrary, 
so by a switch 

Corollary 6. For K,L g Perv{X,C) and \i\ > d we have pH'{K*L) = 0^ mitp ■ 5^. 

Corollary 7. For K,L G F{X) all the summands P[d] ^ K*Lfor which P is notX- 
invariant appear in the form H*{5a,) ®£P ^ K*L so that for some P G Perv{X,C) 
and Q G pd[-^+1'^-i](X) the following holds 



Proof. First assume only K,L G Perv{X,C). Then any term P[d] in K*L with 
perverse P, not invariant under Kern{p2), is in Rc^{KoL); since KoLe Perv{Ai x 
AjjC) and since c is smooth of relative dimension d, hence c*{P)[d] must be a 
summand ofKoL and then Rc^{c*{P)[d]) = H*{5a.) -P is a summand of Rc^{KoL). 
The same applies for terms P[d] in Rc^{KoL) that are Kern{p2)-'mvanant. But now 
there might be A'er?i(p2)-invariant terms P[d] not coming from Rc<t{KoL) but only 
from Rc^{K»L). To exclude this possibility we assume K,L G F{X) so that we 
can apply the next corollary to show that these critical summands are X-invariant, 
hence contained in 0,-^£<j>(;^) m,^ ■ 



pl,[d]{D'MlC)). 
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We now allow arbitrary characters X\. Notice Rb^{K^^ ^L^J = Rb^{KML)j^^ 
or {K®L)),^ = {K^^ ®L),^). For irreducible P = plT^[d]{Q) we can determine Q as 
a direct summand of Rp23*{Px,) for a suitable choice of Xi- Now Rp23*{Px,) = 
Rp2*{Kx,)^Rp2*{Lx>)- For K,Le F{X) and arbitrary Xi we then get 7?/72*(%) = 
©i,v/"V' ■ ^Zi~^] from lemma|9l since Ai is simple. Then Q has to be A^-invariant 
for K,L G This proves 

Corollary 8. For K,L G F(X) the complex K • L is Y -invariant. 

Similarly Rpx^{K) and Rpu{L) are perverse, by twisting with a generic xi and 

®i^j^,^PW {Rpu{pH'\k®L))) = PH''{Rpu{K)*Rpu{L)). Indeed from now on we 
make the 

Assumption. K,L G F{X). 

Then as required: 1) For generic x we have Rp2,f{K) and Rp2*{L) are perverse 
and translation invariant on A2; and similarly Rpi^{K) and Rpu{L) are perverse 
and translation invariant on A]. 2) Furthermore pH'{K®L) = for |/| > J. Of 
course only the case / = ±d is relevant. If ph^'^{K®L) ^ 0, then K®L\s Kern{b) 
invariant and hence K^L does not lie in F{X'^) contradicting that K,L G F{X) 
implies 7s:^LgF(x2). 

By lemma|9]for generic Xi (we do not write this twist !) 
and hence 

RpuiK®L) =H'{5a)-^ m%m\-5l . 

V 

Since Rpu{K®L) = Rpi^,oRc^{K®L), we now compare this with Rpu{K*L) = 
Rpu oRct{K®L) using the formula for A'*L obtained in corollary |7] 

Rpu{K*L) = Rpu{{H*{8a)-P) nn^-dH-i] © q) 

i,(pe<P{x) 

= H'i5A)-(RpUP)®^ mo^'-5l^ © RpUQ) . 
<p' 

The terms Rpu{5^[—i]) must vanish for / 7^ 0, since they have no counter part in 
the comparison! But for / = there might be contributions Rpu{5x[—i]) = 5^^ for 
certain (p. Notice, for generic X2 the functor Rpu preserves perversity. Therefore, 
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making a comparison of the terms of degree d in H*{5a) (for A = Ai or A2) first, we 
immediately get Rpu{Q) = for generic X2- Hence for the constituents of Q are up 
to twists in p\[d\{Perv{Ai,C)). For those in A/^(X) the assertion is obvious. For those 
in F{X) use corollary |2l ^ (A2) = and proposition |2l Since the decomposition 
X =A\ X A2 is arbitrary, again by switching the indices we obtain the next 



Proposition 5. For K,L e F{X) there exists P e Perv{X,'i 
semisimple complex T € D'^{X,C) so that 



and some X -invariant 



K*L = H*{5a,)-P e T 



H'{5a,)-P ^ Rc,{KoL) 



and H* {5a,) ■P = Rct{c*{P)[d]) C Rc^{KoL). IfK,L are primes, then we have P = K 
forK = L respectively P = OforK^L. 

Proof. From our discussion it is clear that P = Pi ©P2 decomposes such that 
Pi e Rct{KoL) and P2 by corollary |8] is X-invariant. This allows to replace P by Pi 
and r by P © //* (5a, ) • P2. The assertion on the precise form of P for primes K and 
L then follows from [W2, lemma 7] applied to the class F(X) after localization 
with respect to the hereditary class of Z-invariant complexes. □ 



8 Sheaves onX =AxB 

For a prime perverse sheaf K e F{X) onX =Ax B, for simple abelian varieties A,B 
with dimension dim(A) = dim(B), in the last section we have shown that K = K"^ 
and K*K^H*{5B)-KeT holds for some P = 0^ mj^d^ [-/] . Let p.X^B denote 
the projection onto the second factor. 

Replacing K hy a twist we can suppose that m,^ = holds for the trivial 
character (p. We can furthermore assume that there exists an abelian subvari- 
ety A^ X with quotient p : X ^ B = X/A such that all the finitely many (p with 
ntiip ^ have nontrivial restriction on A. Assuming this, then Rp^{T) = and 
therefore Rp^Kf = H'{5b) ■ Rp^iK). Then L := Rp^{K) = 0m^5j[/] by lemma[9l 
Hence Rp^{K) must be perverse = for / ^ 0) so that ®^^H*{5b) ■ ■ 5g = 
0^//*(5b) • ■ 5g. Both statements are an easy consequence of L *L = H*{5b) L. 
Therefore 

Rp*{K) = ^ m^-d^ , m^G{0,l}. 
¥ 
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Notice, that by replacing K by some other K^^ with the same properties the coeffi- 
cients may of course change. But the generic rank r 

r = £mv, = rank{R-''p,{K))b = {-it^^^'^xiH'iAMib))) 
V 

is independent from the specific character twist and the point b eB, since 

X{H-{A,Mm = XiH'iA,M{b)x.)) 

holds for every (!) character Xo- Recall that H*{A,M{b)^) = Rp^,{K^)h holds for 
every b and every xo- 

K and any of its twists have the same stabilizer. Under our assumptions the 
stabilizer // of is a finite subgroup of X, say of order n. Then, for the isogeny 
K = n-x : X — > X, we may replace K by one of the irreducible components P of 
K^{K) = ®^eH'Px^ which is a direct sum of #H simple prime perverse sheaves 
with Vp = Vk and each P g F{X) has trivial stabilizer [W2, cor. 4]. So in the 
following we may always assume J^^''{K) = 5o, i.e. that T*{K) = K implies x = 0. 

Theorem 5. For simple complex abelian varieties A and B of dimension dim(A) = 
dim(B) let denote X = Ax B and let p : X ^ B be the projection on the second 
factor For a fixed translation invariant complex T on B consider the set of 
isomorphism classes of perverse sheaves K onX such that 

1. K is an irreducible perverse sheaf in Perv{X,C). 

2. K"^^K. 

3. k*k^h'{5b) k e r. 

4. The support supp{K) is not contained in a simple abelian subvariety. 

5. Stab{K) is trivial, i.e. T*{K) = K implies x = 0. 

6. Rp*{K) is perverse of generic rank r > 1. 
Then is empty. 

Proof. For simplicity of exposition we may assume supp{K) =X (by propjH) 
although this is not essential for the argument. We prove this theorem by reducing 
it to a corresponding statement for base fields of positive characteristic p, using 
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the method of Drinfeld [D] and [BK], [G]. The conditions defining are con- 

structible conditions in the sense of [D, lemma 2.5] and [D, section 3]. \i SB were 

not empty, the argument of [D] therefore provides us with some other K ^ SS, 

which now is a o-adic perverse sheaf on X for some finite extension ring o of 

an Z-adic ring Z/ with prime element k generating the maximal ideal of o, such 

that furthermore we find a subring 7? c C finitely generated over Z so that X and 

and the complex A'(g)^ o/ko is defined over Spec{R), i.e. the pair {X,K®'^ o/ko) 

(it) 

descends to some {Xr,K^^ '), with the following properties: a) The structure mor- 
phism Xn^ S = Spec{R) is universally locally acyclic with respect to K^]^\ b) For 
every maximal ideal of R with the finite residue field k and the corresponding 
strict Henselization V for a geometric point over this maximal ideal and embed- 
dings 7? c y C C, such that the conditions of [D, section are satisfied for a 
suitable M, attached to K)^ ' and its convolution square, one has equivalences of 
categories 

so that the structure morphism f -.Xy ^ Spec{V) is universally locally acyclic with 
respect to Ky and c) The reduction K of K is an irreducible perverse Weil sheaf 
on the special fiber X with structure morphism / : Z Spec{K) defined over some 
finite extension of k, and finally d) there are similar equivalences of categories as 
in b) 

for suitable A^, on Br attached to the perverse cohomology sheaves of the sheaf 
complex Rp^{Kjf ') and its convolution square similar to [D, 6.2.3] with a commu- 
tative diagram (*) similar as in [D, (6.1)] 

D{M,}(X,0)^^D{M,}(r,0) 



Rp. 



Rp. 



Here Di^m,}{Xi o) a full subcategory of D{X, o) is defined in [D, 4.9] as the inverse 
2-limitof subcategories D{^,}(X,o/7r''o) cDprf{X,o/n''o) so thatC gZ){m,}(X,o) iff 
C(8)p o/tto is in the thick triangulated subcategory D^^'\x,o/no) of D{X,o/ko) 
generated by the M, in a finite set {M,} of fixed complexes M,- e D'^{Xii,o/no). 
Similarly for X respectively for finitely many Nj on B (or B). We briefly remark 



'similar to [BBD, lemma 6.1.9] where V instead is chosen non canonically as some strict 
Henselian valuation ring with center in the maximal ideal. 
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that in loc. cit. these equivalences of derived categories above over C,V,lc are 
first proved on the level of o/;r'"o-coefficients. There one implicitly uses that for 
perfect complexes ^ of 0/ ;r' o-sheaves (or projective limits of perfect complexes of 
such complexes i.e. in the sense of [KW, p.96f]) the distinguished triangles {K^g 
o/n^~^o,K®o o/n''o,K®oo/n'^o) for < j < r show that A' (8)0 o/n''o is contained in 
£)^^>(X,o/;r''o), ifK®oo/no is contained in {M,} or £){^'>(Z,o/;ro). 

The first condition a) can be achieved by a suitable localization of R using 
[Fin, thm. 2.13]. The acyclicity conditions in loc. cit. i*^ = i*Rj\^ are for- 
mulated for constructible o/;r''o-sheaves only, but using truncation with respect 
to the standard ?-structure they extend to o/7r''o-adic complexes K with bounded 
constructible cohomology sheaves. Since is smooth on Xr for any AT-torsion 
character x, then 

f:XR^S = Spec{R) 

is also universally locally acyclic with respect to K^^ ^oL^- Here x is viewed 
as a character x '■ ^i{X,0) o{^n)* c G/o(o[Cw]). Now, if two of three complexes 
in a distinguished triangle are universally locally acyclic, then also the third is. 
This remark implies that all Ky ^oLx 0^o/n''o are universally locally acyclic for 
r = 1,2,... and our given o-adic perverse sheaf K e ^, if it is represented by the 
system {Kr)r>i of perfect complexes Kr such that = KiS)^ o/n''o. 

Now we may also consider K as an object in the category D^{X,Q) or in the 
category D^{X, Q) for Q = Quot{o). No matter in which way K e ,^ =^ x{K) =0 
[notice xiKf = x{H'{5b)) ■ x{K)+x{T) = 0, since x{T)=0 and x{H'{5b)) = 0.] 
Furthermore Ke^ implies K = and Vk = dim(A). [Indeed *K = K*K = 
H'{5b) -K®! implies that is either a summand of T or as an indecompos- 
able constituent of H'{dB))-K isomorphic to K. In the first case K is translation 
invariant under X, which is impossible by property 5). Therefore K = Since 
^k[±Vk] '-^H*{5b)-K, this implies v^^ <dim(A). On the other hand ix{K'^*K) = 
and dim(A)] ^ *^ imply Vk = l^{K) > dim(A). Hence Vk = dim(A).] 

For characters x = iXuXi) of Ki {X,0) = K\ (A,0) x izi {B,0) notice that over the 
base field C we know that for almost all characters Xi of ^i('4,0) the direct image 
Rp^{K^^) G £>c(^' Q) must be a locally free translation invariant perverse sheaf on 
B of rank r. For fixed Xi therefore J^*{Rf^{K^)) = H*{B,Rp^,{Kj^^)^J, considered 
with coefficients in 0, is a o-torsion module for almost all characters xi of tti (B.Q). 
Now for K e D^{X,o) this information is entirely encoded in the exact sequences 
for r 
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in the form that Jt"{Rf*{K^ (g)^ o/tt'^o)) has bounded length independent from r. 
Now consider the reduction (X.K) of {X,K), defined over the algebraic closure 
K of the finite residue field k of R with respect to the maximal ideal of V, and 
the base change ring homomorphisms V ^ C and V ^k. By the universal local 
acyclicity of the structure morphism / for all Ky ®o ^x^^o/ n''o the above bounded 
length conditions over RorV are inherited to the reduction, so that * {Rf^, {K^ <S)^ 
o/7r''o)) has bounded length independent from r, again for almost all characters Xi 
of ni (B,0) = ni (B,0) with respect a fixed but arbitrary Xi outside some finite set of 
exceptional characters Xi- The short exact sequences 

^ Jf-{RJMx))l^' ^ -^^RJMx ®^ o/n^o)) ^ Jif-+\Rj,(Kx)W] ^ 

therefore imply that the Q-adic cohomology groups vanish for al- 

most all characters Xi (with respect to the fixed X\)- Passing to the algebraic clo- 
sure A of 2 we can apply the decomposition theorem and obtain .^'^{Rf^(Kjf)) = 
®i^j^i^H'(B,PHj{Rp^(Kx)), and hence the A-adic perverse sheaves PHj{Rp^(Kx)) 
are acyclic for almost all Xi (for fixed Xi ) • Since the perverse sheaves pH-^ {Rp^ (K^ ) ) 
are pure A-adic Weil sheaves on B, by [W3, lemma 13] then all ph\R'p^{Kx)) are 
translation invariant perverse sheaves on B. Hence L = Rp^(Kx) = 0L, [— j] for cer- 
tain translation invariant perverse sheaves L,. Now L*L = H*{5b) ■L(BRp^,{Tx) = 
H*{5b) L for almost all Xi implies L = Lq, since *L,[-/] contains nontrivial 
perverse sheaves in degree — 2/ — dim(S) = — 2/ — dim(A) for any translation invari- 
ant nontrivial perverse sheaf L, on B. Thus for fixed Xi (for almost all Xi) the direct 
image R:p^{Kx) itself is a translation invariant perverse sheaf on B. Up to a sign 
(_l)dim(B) ,ank is x{L) = x(Kx\p-'io)) = x(K\r,-Uo)) = XiRp.iK)) = (-1)'^^"^^ . 
Using that K and L satisfy ^ ^ and L*L ^ H*{8b)-L and Kx*Kx = 
H*{5b) ®Tx, which follows from the commutative diagram (*) above, hence by 
[W3, appendix] we get 

M''{b)^do forb = 0. 

In particular the generic rank r of L therefore is one. Hence L is isomorphic to 
a direct sum of pairwise non-isomorphic translation invariant perverse sheaves of 
generic rank one for almost all torsion characters Xi of ;ri(A,0) (as explained at 
the beginning of this section). □ 

From the last theorem we get 

Proposition 6. F{X) = <d for complex abelian varieties X isogenous toAi x A2 with 
simple factors Ai,A2 of dimension dim(Ai) = dim(A2). 
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Proof. Assume there exists K G F{X). By theorem |5] we conclude that M = 
K\p^^{{)) has Euler characteristic one. This holds also for K replaced by Ky, (for 
all %). Hence except for finitely many % from H*{A,M) = Rp^,{K^)o and the fact 
that Euler characteristics of perverse sheaves are nonnegative [FK] we get that the 
perverse sheaf M'' has Euler characteristic one and M°, ..,M''^^ are acyclic (using 
lemma [5]). Then all Jordan-Holder constituents of M'' are acyclic except for one, 
the perverse sheaf 5o (lemma[5]) arising from the stalk spectral sequence analogous 
to lemma|2l In fact this is also clear from an abstract point of view; the constituent 
with Euler characteristic one is invertible in the Tannakian sense and therefore 
is a skyscraper sheaf [KrW, prop. 2 lb)]. This Tannakian argument carries over 
to all fibers Fb = p^\b) and defines a unique perverse skyscraper Jordan-Holder 
constituent in M{b) = K^\f^;, in fact a perverse quotient sheaf of M'^{b). Hence 
for every b e B this defines a point x e X with p{x) = b. The supports of these 
skyscraper sheaves define a constructible set; its closure S defines a birational 
morphism p : S ^ B. On an open dense subset U c S the morphism p defines an 
isomorphism onto a dense open subet V cB. By Milne [M, cor.3.6] the morphism 
V ^ U ^ X extends to a homomorphism s : B ^X (up to a translation). 

For generic b £ B we have an epimorphism of perverse sheaves 

M'{b) 4w 

so that 5s(^i,) is the maximal perverse quotient of M{b) with generic support in a 
subvariety of dimension zero ([KW, lemma III.4.3]). The kernel is acyclic and 
it is nontrivial! [If it were trivial for generic b, then Jf^'^'{M'^') vanishes. This 
implies Jf^^'^'{K\fJ = for generic b. Hence "'*™('^'(^) vanishes at the generic 
point of X. In fact the support is contained in s{B). But this is impossible, since 
then K has support in a simple abelian subvariety and therefore is in F{X).] For 
generic x the same conclusion also holds when K is replaced by . Thus we 
always find acyclic nontrivial perverse subsheaves of M"^, which are therefore A- 
invariant. In particular this implies supp{K) = X (so in fact it would have not 
been necessary to suppose this). Now we apply verbatim the arguments of step 
3) and step 5) of the proof of proposition |2] and conclude as in proposition |2] that 
the irreducible perverse sheaf K must be translation invariant with respect to A; 
indeed Kern{p) = A is simple and supp{K) = X. h contradiction. □ 
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9 Appendix 



In this section we discuss the situation of abeUan varieties over base fields of pos- 
itive characteristic in the simplest case of abelian varieties isogenous to a product 
of elliptic curves defined over a finite field. 

Let X be a complex elliptic curve and 5 c X a finite set of points. For an 
irreducible representation p : tti (X \ 5) — > Gl{r,C) with corresponding local system 
E onU =X\S\et K = j^{E)[l] denote the associated irreducible perverse sheaf on 
X defined by the inclusion j -.U ^X. If £ is not trivial, the Euler characteristic 
X{K) = -x{E) is equal to h^{X,E) = dAm{H^{X,E)) and x{E) is {2-2g{X))r- 
LxeT.defxU*{E))^ where defx{j^{E)) := r -6im{j^{E);). Hence 

X{K) = Y,deaUE)). 

xeS 

Notice that dmi{j^{E)x) coincides with the dimension of the fixed space of p(Fx) 
acting on the representation space y = of p, where denotes a generator of 
the inertia group of a point over x in the absolute Galois group of the field of 
meromorphic functions on X. For an elliptic curve Xq defined over a finite field k 
and a smooth etale A-adic sheaf Eq on some Zariski open dense subset jo -.Uq^Xo 
one similarly defines K = j^{E)[l], where EJ,U,X and S = X\U are obtained by 
extending the base field to the algebraic closure k of k. More generally let (g" be 
a constructible A-adic sheaf on X with S'lu = E. Then for K = £"[1] the formula of 
Grothendieck-Ogg-Shafarevic gives 

X{K) = Y, deU^) + £ swan,{E) . 
xes xes 

The coefficients swanx{E) are nonnegative integers and swanx{E) vanishes iff the 
A-adic representation p of the Galois group of the function field of Xq, attached 
to E(), is tamely ramified at x. Similarly defx{S'), defined by dimA((%) — dimA((fj) 
for geometric points x over x and r[ over the generic point t] of X, vanishes for 
S = j*{E) iff E extends to a smooth etale sheaf over x (see [BBD,6.1.(b)], p. 159). 
In particular defx{j*{E)) = implies swanx{E) = 0. 

Lemma 11. For all perverse sheaves K on an elliptic curve X defined over C or 
a finite field one has xi^) > 0' X{^) = ^for an irreducible perverse sheaf K 
implies K = 5^ for some character Xj/ ofn\ {X), i.e. K is translation-invariant. 
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Hence the generic relative vanishing assertion of lemma [T] is also valid for 
quotient maps by elliptic curves in the case of positive characteristic. From this, 
by using induction on the dimension, we get the following 

Proposition 7. Let Xq be an abelian variety isogenous to a product of elliptic 
curves over a finite field k and let Kq be a A-adic irreducible perverse sheaf on 
Xq also defined over k. Then x{K) > and x{K) = implies that K is translation 
invariant with respect to some elliptic curve in X. 

Proof of the lemma. It suffices to consider the case of an irreducible perverse sheaf. 
The case of skyscraper sheaves is trivial, so the assertion x{K) > immediately 
follows from the Grothendieck-Ogg-Shafarevic formula in the case K = jt{E)[l] 
and x{f^) = implies swanj({E) = and defx{j^:{E)) = for all ;c G X. Hence E 
extends to a smooth irreducible representation of 7ri(X), and therefore K is trans- 
lation invariant. □ 

The following lemma either holds for {X,K) defined over the field of complex 
numbers or obtained by scalar extension from some {Xo,Ko) defined over a finite 
field. 

Lemma 12. An irreducible perverse sheaf K on an elliptic curve X with x (K) = 1 
is a skyscraper perverse sheaf concentrated at some point x ofX. 

Proof. If the claim were false, then K = j^{E)[l] holds for some open dense 
subset j : U ^ X and some smooth etale A-adic sheaf E on U. The assumption 
X{K) = 1 implies U = E\ {x} for some closed point x € E without restriction of 
generality. Furthermore the ramification group at x acts tamely on the A-adic 
representation defined by E. Indeed x{K) = Y^xes ^'^'^'^x{E) +Y,xes^^fx{E)- Since 
swanx{E)x are integers > 0, the assumption x{K) = l implies swanx{E) = for all x 
and defx{i*{E)) 7^ for a single point x e X where defx{j*{E)) = 1. For this recall 
that defx{j*{E)) = implies swanx{E) =0. So £" defines an irreducible Galois repre- 
sentation tamely ramified at x and unramified outside x. The Galois representation 
can not be unramified on X, since then it would be an irreducible representation 
of 7ri(X) and hence xi^) = 0- Furthermore £" (g);;; is irreducible and ramified at x 
for any twist by a character x of ni{X). Therefore for all characters x of ni (X) 

h'{x,k^)=h'\x,k^)^a 

holds. Notice x{K'^)=x{K) = l and hence x{K*K'^)=x{K)x{K'^) = ^- For some 
semisimple sheaf complex K we have 
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We claim that ^ is a perverse sheaf on X. Otherwise ^''{K * K^)y ^ holds 
for some / > (and some y in X) or for some / < —2 (and almost all y G X) as 
a consequence of the hard Lefschetz theorem. In the latter case the support of 
M'-'^{K*K^) will have dimension one. Since X is a curve, M'\K*K^)y = holds 
for / > and / < -2. Furthermore Jf^{K*K'^)y = H^{X, T*y{j^{E)) (g) {j^{D{E))) us- 
ing = j^D{E)[l], where D{E) is the Verdier dual of E on U. Therefore 
by excision 

je'{K*K%^H^{U,Tly{ME))\u(^D{E)) . 

Since E and D{E) are irreducible, this cohomology group vanishes unless T1^,{E) 
and E define isomorphic Galois representations. The irreducible Galois repre- 
sentation defined by E ramifies at x (unless E is unramified which is excluded by 
X{K) = 1), whereas Tly{E) ramifies at x if and only if j = 0. Hence je'^{K*K'^) is a 
skyscraper sheaf concentrated at j = 0. This forces ^ to be a semisimple perverse 
sheaf on X with the property 

X{K)=0. 

Furthermore 

jr-\K)y = M'~\K*t')y ^ H\x,Tly{j,E)(S)j,{D{E))) . 

For fixed y eX the constructible etale A-adic sheaf Tl^{i^E) ® i^{D{E)) is smooth 
on X \ {x,x + y} and defines a Galois representation that is (tamely) ramified at the 
points X and x + y. Since H'{X,Tly{j^E) (g) j^{D{E))) = for / ^ 1 and y^^O, for 
y ^0 this implies 

h\xX-y{hE)®UD{E))) = -x{Tly{j.E)®UD{E))) 

= deMTlyU*E)(S)MD{E)))+deUy{Tly{UE)<^UD{E))) 
= r{Tly{E))-defMD{E)))+def,+y{Tly{U{E))).r{D{E)) 

= lr{E) , 

where r = r{E) = r{Tly{E)) = r{D{E)) are the dimensions of the associated Ga- 
lois representations. Notice defx{j*{D{E))) = defx{j*{E)), since x{K) = xiK^) = 
X{D{K)). In other words 

dimA{J^'\K)y) = 2r 

for all y ^0. By lemma [TT] this implies for the semisimple perverse sheaf K the 
translation invariance so that 

^ = 05/' , r = r{E)>0 

i=l 
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holds for certain characters Yi of But then K^^ = dx ® ■ ■ ■ for ;t; = y^^- This 

shows H*{X,K^) ^ H'^{X,K^). Since K^*K)^ = {K^K'^)^^ = 5q®K^, this implies 
H*{X,K^*K)^) 7^ H^{X,Kj^*K^) and hence H*{X,K^) 7^ H^{X,K^) by the Kunneth 
formula and Poincare duality. This gives a contradiction and proves our claim. □ 

Lemma 13. Let K be an irreducible perverse sheaf on a complex abelian variety X 
with Euler characteristic x{K) = 1. Then K is isomorphic to a perverse skyscraper 
sheaf concentrated at some point x G X. 

Proof. We are free to replace A" by a twist with some character %. For sim- 
plicity we then still write K instead of K-^^. For the proof we use induction on 
the number of simple factors of X (up to isogeny). Let A be a simple abelian 
subvariety of X and f -.X ^ B = X/AhQ the quotient map. Then Rf^{K) satisfies 
% {Rf^ (K) ) = 1 and for a suitable choice of the twist x we may assume (K) to be 
perverse by lemma [T] Hence by induction and the decomposition theorem we get 
^/* (K) = 5h © 0, Ti for irreducible perverse sheaves with ;^ (7^) = and a skyscraper 
sheaf dh concentrated at some point b (we may assume = by a translation). 
Therefore M''^{Rf^{K))b = A, hence H^{A,M) ^ A for M = K\a. Since we replaced 
K by some generic twist, we may assume that the perverse sheaf M° = ph^{M) on 
A satisfies H*{A,M^) = H^{A,M^) and //°(A,M°) = H^{A,M) = A using the remark 
of section [H Therefore the irreducible perverse Jordan-Holder constituents P of 
the perverse sheaf M° satisfy xiP) =0 except for one of them, where x{P) = ^ 
holds instead. Since A is simple, x{P) =0 implies that P is translation invariant 
under A by [KrW, prop. 21a], and therefore J^^'{P) = holds for / ^ dim(A). For 
a short exact sequence -^V ^0 of perverse sheaves on A we have an 
exact sequence of stalk cohomology sheaves at the point a 

Therefore / ^ 0. Similarly J^-^ = and J^^{U)a + 

implies = 0. Hence in the case dim(A) > 2 we inductively get .^^{M^)a = 

J^^{P)a for the unique constituent P with ;t;(P) = 1. By [KrW, prop. 21b] we 
know P = 8a for some point a G A (we may assume a = by a translation of K). 
This implies jr"(M°)« ^ A. However jr"(M)„ = jrO(M")„, since M € pd^°(A, A). 
Therefore °(A')o = ,^^\M)a = A holds for the irreducible perverse sheaf K on 
X. This implies K = 5q. So it only remains to prove the assertion in the cases 
where X is isogenous to a product of elliptic curves. Here the same argument can 
be used as in the case dim(A) > 1, provided we know that the unique irreducible 
perverse constituent P of M" with x{P) = I appears as a quotient perverse sheaf 
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of the perverse sheaf M" on A. To assure this we use a weight argument. This 
may not be applicable to the pair {X,K) itself. However by the argument of [D] it 
suffices to prove the statement in all situations where {X,K) is obtained by scalar 
extension to k from a pair {Xo,Ko) defined over a finite field k. So it suffices to 
prove the next 

Lemma 14. LetXo be an abelian variety defined isogenous to a product of elliptic 
curves defined over a finite field k and let Kq be a A-adic irreducible perverse sheaf 
on Xq also defined over k. Then x{K) = 1 implies that K is a perverse skyscraper 
sheaf concentrated at some closed point ofX. 

Proof. We may assume that K is pure of weight 0. Then db, as constructed 
above, and hence //°(A,M°) are pure of weight zero. Therefore 5a is pure of weight 
zero. On the other hand w(M*') < w{M) < w{K) < 0. Hence by the decomposition 
theorem for pure perverse sheaves on X and the existence of the weight filtration, 
this implies that 5a is a quotient perverse sheaf of M°. With this additional infor- 
mation we can argue as above in the case dim(A) > 1 to reduce the statement to 
the case of a single elliptic curve X already discussed in lemma [T2l 
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